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Abstract. To every elliptic Calabi-Yau threefold with a section X there can 
0^ \ be associated a Lie group G and a representation p of that group. The group is 

determined from the Weierstrass model, which has singularities that are generi- 
cally rational double points; these double points lead to local factors of G which 

■ are either the corresponding A-D-E groups or some associated non-simply laced 
groups. The representation p is a sum of representations coming from the local 
factors of G, and of other representations which can be associated to the points 

I at which the singularities are worse than generic. 

■ This construction first arose in physics, and the requirement of anomaly can- 
cellation in the associated physical theory makes some surprising predictions 
about the connection between X and p. In particular, an explicit formula (in 
terms of p) for the Euler characteristic of X is predicted. We give a purely math- 
ematical proof of that formula in this paper, introducing along the way a new 

\^ \ invariant of elliptic Calabi-Yau threefolds. We also verify the other geometric 

■ predictions which are consequences of anomaly cancellation, under some (mild) 
hypotheses about the types of singularities which occur. 

As a byproduct we also discover a novel relation between the Coxeter number 
and the rank in the case of the simply laced groups in the "exceptional series" 



> 



in 
o 
o 



• studied by Deligne. 



It was noted by Du Val |Tl]] that certain surface singularities, now known as ra- 
tional double points, are classified by the Dynkin diagrams of the simply laced Lie 
groupsQof type A^, Eq, E^, Eg. Du Val pointed out that the Dynkin diagram is 
^ . the dual diagram to the intersection configuration of the exceptional divisors in the 

minimal resolution of the singularities. Further connections between these singular- 
ities and Lie groups were subsequently discovered by Brieskorn and Grothendieck 



The resolutions of rational double points are crepant, that is, the pullback of 
the canonical divisor on the singular variety is the canonical divisor on the smooth 
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hospitality during various stages of this project. 

^More precisely, Du Val recognized the combinatorial structure as occurring in the theory of 
finite reflection groups; the connection to Lie groups was made soon thereafter by Coxeter |Q, ||. 
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minimal resolution. In particular, if the singular variety has trivial canonical class, 
so does its desingularization. 

One characterization of rational double points is as quotients of by finite 



subgroups of SL{2,C) |T^. Much recent work has been done by looking at the 
quotient of by a finite subgroup of 5'L(3,C) (see for example [19|, 0). In 
this paper we consider another natural generalization of the above set up. 

It turns out that the singularities of the Weierstrass model of an elliptic surface 
are also rational double points. If the singular surface satisfies the Calabi-Yau 
condition, so does its resolution; the Calabi-Yau condition can be expressed as a 
condition on the base of the elliptic fibration and the discriminant locus. Further- 
more the ranks of the A-D-E groups contribute to the rank of the Picard group of 
the minimal resolution of the Weierstrass model, as well as its topological Euler 
characteristic. 

In this paper we investigate a similar situation one dimension higher, namely, 
elliptic Calabi-Yau threefolds which are resolutions of Weierstrass models. Here 
the singularities are only generically rational double points, yet it is possible to as- 
sociate a group G to the singularities, obtaining all the Dynkin diagrams (including 
the non-simply laced ones). We restrict our attention to Weierstrass models with 
a minimal resolution which is a fiat elliptic fibration satisfying the Calabi-Yau 
condition — the existence of a fiat resolution excludes some non-generic singulari- 
ties. 

The threefold also determines a specific representation of G (known in the physics 
literature as the "matter representation") whose irreducible summands can be 
described in terms of the degenerations of the general singularity; conversely, once 
one chooses the representations which might occur, the geometry of the Calabi-Yau 
is completely determined by some relations in representation theory. 

As a byproduct of our analysis, we also discover a novel relation between the 
Coxeter number and the rank in the case of the simply laced groups in the "excep- 
tional series" studied by Deligne M. 



This work was first motivated by the problem of verifying in this context the 
vanishing of an "anomaly" coming from string theory (see Section ^ and by com- 
pleting a dictionary between the geometry of the Calabi-Yau and the corresponding 
quantities in quantum field theory. We can in fact interpret the vanishing of the 
anomaly as a formula for the Euler characteristic of the Calabi-Yau manifold, a 
formula which was quite unexpected. 

We first formally define an invariant IZ (see Section |^) and show how certain 
representations of G appear in IZ when the "general" double point degenerates to 
a worse singularity. We will then show how the geometry of the Calabi-Yau and 
its degenerations are naturally, yet surprisingly, related to the same representa- 
tions occurring in IZ (see Section From the string theory point of view this 
is explained by considering a quantum field theory associated to X, which suffers 
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from potential gauge and gravitational anomalies. Some of these anomalies can be 
"cancelled" by an analogue of the Green-Schwarz mechanism, while others (which 
occur as certain coefficients in a formal expression in the curvature) are required 
to vanish identically. The vanishing of the latter leads to the formula for IZ, while 
the existence of the Green-Schwarz mechanism imposes the other geometric con- 
straints. Note that our arguments and definitions, while inspired by the physics of 
string theory, are in the realm of mathematics only; the explicit dictionary between 
mathematical and field-theoretic quantities is developed in . 



In Section |T] we discuss how we can associate a group G to an elliptic threefold 
which is a resolution of a Weierstrass model; in Section]^ we introduce the invariants 
IZ and Hch and we present some first properties of IZ. In the following Section |^ 
we sketch some background from physics. Section ^ shows that the results of our 



Main Theorem ^.2| agree with some predictions from the physics literature. 

After stating the working assumptions and some notation in Section |^, we de- 
scribe an algorithm to compute the fundamental invariant IZ from the singularities 
of the Weierstrass model (Section |^). We show that the group G determines most 
of the terms occurring in 7Z and we present these in Appendix I. 

The other terms come from the degeneration of the "generic" rational double 
point singularity of the Weierstrass model to a worse singularity (Sections 
pT2| , p.3| ). We show how such degenerations are naturally associated to certain 
representations of the group G (Sections and ^.3| ). 



Conversely, in Section ^ we show how the assigned representations and repre- 
sentation-theoretic facts determine the geometry of the Calabi-Yau and the degen- 
erations which can occur. We then derive the formula for 7Z, in terms of G (which 
is associated to the "generic" singularity) and its representations (associated to the 
"non-generic" singularities) . 

Only a limited set of representations occur, and only certain of the "non-generic 
singularities:" many others are in fact excluded by the assumption that ir : X ^ B 
is a (fiat) elliptic Calabi-Yau fibration. 

The computation of 7Z is slightly different in the case of the simply laced ex- 
ceptional groups (including those from Deligne's "exceptional series"): here we 
obtain a novel relation between the Coxeter numbers and the rank of these groups 
(Section |7?T| ). 

Acknowledgments: We would like to thank P. Aspinwall, M. Finkelberg, K. 
Intriligator, S. Katz, M. Larsen, D. Liist, W. Nahm, B. Ovrut, M. G. Rossetti, K. 
Uhlenbeck, and K. Wendland for useful discussions and encouragement while this 
paper was in preparation. 

1. The group G 

Definition 1.1. An elliptic Calabi-Yau threefold with section is a proper, flat 
map TT : X B from a nonsingular projective complex threefold X with trivial 
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canonical bundle to a nonsingular surface B, whose general fiber is an elliptic curve, 
and which admits a section a : B ^ X. (During certain parts of our discussion, 
we shall also assume that the rank of the Mordell-Weil group MW{X/B) of the 
elliptic fibration is zero.) 

Any such X is a resolution of a possibly singular, Weierstrass model W : W B 
p8| , p!5| . W can be described (locally) by a "Weierstrass equation" 

(1.1) y^ = x'' + fx + g, 

where / and g are sections of line bundles on the base B. 

Lemma 1.2. |^ In this set up we can naturally associate a reductive Lie group 
G to the fibration as follows. Let [E]-^ be the orthogonal complement within Hi{X) 
of the elliptic fiber E, and let A be the cokernel of the natural map 

TT-i : H,{B) ^ [E]^. 

Then A serves as the coroot lattice of G, and A ® U{1) serves as the Cartan 
subgroup. Moreover, to each component of the discriminant locus is associated 
a local factor of the group, determined by the generic Kodaira fiber along that 
component and by the monodromy, as follows: 
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Proof. To specify a connected reductive group, it is enough to specify a compact 
torus together with the collection of characters of that torus which will serve as the 
weights for the semisimple part of the group. The torus in turn can be described 
as A ® U{1) for some lattice A, which is the form used in the statement of the 
lemma. (This choice of torus is dictated by physical considerations.) 

To complete the specification, the weight spaces must be given. The Weierstrass 
model is singular along a (reducible) curve G; the general singularity over each 
irreducible component of C is a rational double point [24]. Let us consider the 
intersection configuration of the exceptional curves and the exceptional divisors 
on X. In most cases, the intersection matrix is (up to a sign) the unique Cartan 
matrix of a Lie algebra q; here we also find the non-simply laced algebras, as the 
exceptional curves might undergo a monodromy transformation as they move in 
the exceptional divisors along the curve G. In some cases a more delicate argument 
is needed 0. 

□ 
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Note that the group is semisimple precisely when MW{X/B) has rank 0. 

Corollary 1.3. Let G be a non-simply laced group (a local factor of the entire 
gauge group) associated to the singularities over a curve C in the discriminant, 
as in the above proof. Then the exceptional curves in one homology class are 
parameterized by a curve C , a finite branched cover of C . The cover is of degree 
2 unless G is locally isomorphic to G2; in the latter case, the degree of the cover is 
3. 

Definition 1.4. With the notation of the above corollary, we write g{G') = g' . 

Remark 1.5. If i? is ruled, from X and the group G we can construct a K3 surface 5* 
with a gauge bundle if, the "heterotic dual" of X. Many of the physics predictions 
stated in this paper were originally derived by analyzing this duality. 

Definition 1.6. Let (Z B be the ramification locus ofn. S is a divisor. We 
write 

(1.2) S = SoU,>iE„ 

where So is the (possibly reducible) component over which the "general" singular 
fiber is a node (Kodaira type Ii), and each Sj is an irreducible component ofYi\Y,Q. 



Remark 1.7. Since X —> 5 is an elliptic Calabi-Yau [28|, then: 



Ox-^Kx = 7c*{Kb + ^S), and S G I - 12Kb\ 



The choice of the notation and of the indices in Definition |1.6| is motivated by 
the gauge group associated to the resolution of the general singular point of Sj: 
we denote in fact by Gi this group and because Go is trivial, the relevant groups 
are Gi, i > 1. 

2. A FIRST LOOK AT TZ: WHEN X = W. 

Let us define the fundamental invariant: 
Definition 2.1. n= ^XtopiX) + 30ir|. 
The following holds: 

Theorem 2.2. Under the hypothesis of Definition suppose that in addition 
X = W is a smooth Weierstrass model. Then 1Z=0. 

Proof. Following the algorithm provided in one can in fact show that 

xtopix) = -mKl. 

This statement is also buried in the proof of |^ (3.10)]; even though the author 
claims it only for 5 = Fi, x □ 
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We should also point out that 7?.=0 is not a sufficient condition for W to be 
smooth (see also Section We will give an alternative proof of this theorem in 
Corollary |6.10| ; this proof will follow the mathematical ideas that arise from con- 



sidering the "vanishing of the anomalies" in string theory. The following definition 
is also motivated by the physics literature: 

Definition 2.3. Hch = Tl + dim(G) - rk(G'). 



Theorem |8.2| describes explicitly Hch- We discuss in detail the motivation behind 
this definition and a dictionary between the geometry and the quantum field theory 
in pi. 



3. A LOOK FROM STRING THEORY: 

Gauge theory on X and vanishing of the anomalies 

Before studying other properties of the invariant 7?. defined in the previous sec- 
tion, we look at the gauge theory interpretation of our setup. From this point 
of view we consider a gauge theory on X (coupled to gravity), in which certain 
coefficients of the curvature are required to vanish: these are the "anomaly cancel- 
lations" whose geometric counterparts are a formula for 7?, and certain geometric 
constraints. We will see that a formula for 7?. is the geometric counterpart of the 



ffist anomaly cancellation (Theorem |3.1| and ||16||); the second anomaly cancellation 



and the corresponding geometric constraints will be discussed in Section 

3.1. Prom elliptic fibrations to gauge theory. When one of the "type II string 
theories" is formulated on a ten-manifold of the form M^'^ x X with X a Calabi- 
Yau threefold and M^'^ a flat spacetime of dimension four, the resulting theory has 
a low energy approximation which takes the form of a four-dimensional quantum 
field theory with quite reahstic physical properties (depending on certain properties 
of the Calabi-Yau threefold). 

Elliptic Calabi-Yau threefolds with a section tt : X — > have also been used in 
a different way in string theory. We can ask what happens to the type IIA theory 
in the limit when the Calabi-Yau metric on X is varied so that the fibers of the 
map TT shrink to zero area. It turns out that the resulting physical theory has a 
low energy approximation which takes the form of a six- dimensional quantum field 
theory. This limiting theory can also be described more directly, in terms of the 
periods r(6) of the elliptic curves 7r~^(6), regarded as a multi- valued function on 
B. The type IIB string theory is compactified on B with the aid of this function, 
using what are known as D-branes along the discriminant locus of the map vr. (This 
latter approach is known as "F-theory.") 

Fact: This six-dimensional quantum field theory includes gravity as well as a 
gauge field theory whose gauge group is the group G defined in Section 0; in order 
to be a consistent quantum theory, the "anomalies" of this theory must vanish. 
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3.2. Curvatures, anomaly polynomial and traces. Schwarz shows that 
these models (A^=l theories in six dimensions with a semisimple group G) are con- 
strained by anomaly cancellation. The anomaly is characterized by an eight-form 
made from curvatures of the Levi-Civita connection and of the gauge connection. 
This eight-form is naturally defined on an auxiliary eight-manifold 

If we have a manifold Y equipped with a principal G-bundle Q (the "gauge 
bundle"), then the curvature F of the gauge connection is an ad(^)-valued two- 
form, where each fiber ad(^)3; of ad(^) is isomorphic to the Lie algebra g of G, 
with acting on ad(^)a; via the adjoint action of G on q. Similarly, if Y is 
equipped with a (pseudo-)Riemannian metric, then the curvature R of the Levi- 
Civita connection is a two-form taking values in the endomorphisms of the tangent 
bundle. 

The "anomaly polynomial" is a differential form on Y which involves ex- 
pressions like tr and TipF^, where p is some representation of the Lie algebra. 
These expressions are to be interpreted as follows: the representation p can be 
regarded as a homomorphism p '■ Q End{V) for some (complex) vector space 
V. As an endomorphism of V, p{Fx) can be raised to the k^^ power; the resulting 
endomorphism p^F^Y of ^ has a trace, which we denote as 

lipF^ = traceyp(F)^ 

Although this expression might have depended on the choice of isomorphism to g, 
in fact it is invariant under the adjoint action of G on g and so is independent of 
choices. 

Similarly, the expressions tr i?^ are evaluated with the help of the "vector" rep- 
resentation of the corresponding orthogonal group. 



3.3. Vanishing of the anomalies. The first requirement is the vanishing of the 
coefficient of a certain curvature term, which imposes restrictions on the choice 
of the group and its "matter" representations which can occur. In [|TB] we discuss 



extensively the geometric realization of this formula, when F-theory is compactified 
on an elliptic Calabi-Yau threefold: 



Theorem 3.1. P5| p7| , |K| The anomalies are characterized by an eight-form, 



made from curvatures and gauge field two-forms. One requirement is the van- 
ishing of the coefficient of the curvature term tiR^, where R is the curvature of 
the Levi-Civita connection. In our geometric set up this leads to 

(3.1) n = H,h- dim(G) + rk(G), 

where Hch involves the dimension of certain representations of the group G. 



is a manifold with boundary, whose boundary is the product of and the original six- 
dimensional spacetime. 
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The representations which occur in Hch are well defined in terms of quantum 



field theory; this motivates our Definition |2.3| . Theorem |8.2| identifies these repre- 
sentations in our geometric set up. We will analyze the geometric counterpart of 
the following statement ( "The generalized Green-Schwarz mechanism" ) in Section 



Theorem 3.2. | PT| , 3^ Let us assume that G is semisimple, and so in particu- 
lar that TkMW = and that G is locally isomorphic to Yl - Gi, where Gi are simple 
groups. If the requirement specified in Theorem \3.1\ holds then the remaining terms 
of the anomaly polynomial (in a suitable normalization |3l|j are: 



(3.2) ^(tr R-f + UrR'Y. - I E + 4 E 

where ht denotes the number of '^tensor multiplets" (which coincides with h^'^{B)- 
1 in our theories), and where 



p 

Yij ^ ^ TT-pa Trp F,^ Tr(j Fj . 



p,a 



Tiadj means the trace in the adjoint representation, Tip denotes the trace in the 
representation p of the simple group Gi (see the above subsection), Up is the mul- 
tiplicity of the representation p of Gi in the matter representation,^ and riij is the 
multiplicity of the representation {p,cr) of Gi x Gj. 

The Green-Schwarz cancellation mechanism (in the generalized form due to Sag- 
notti |^2[, see also Sadov |31|j says that the anomalies can be cancelled provided 



that ( p. 21 ) can be written in the form: 

(3.3) (s ti R^ + Yl ti tr F^^ ■ (utiR^ + Y^ v; tr F^^ , 

where s, ti, u, and Vi are divisors on the base B (which correspond to "tensor 
multiplets" in the physical theory), the product is calculated using the intersection 
pairing on B, and ii Ff is evaluated in an appropriate "fundamental" representa- 
tion of Gi. 

In the case that G is not semisimple, the anomaly polynomial is also known, but 
it is much more complicated. In this paper, we will only consider the anomalies 
associated to the Green-Schwarz mechanism in the semisimple case. 



^In the physics literature one says that there are "np hypermultiplets in the representation p. 



9 



4. About Hch. a look from the physics literature. 

We state some of the physics predictions on Hch, based on Schwarz's analysis; 
these predictions motivated our geometric definition of Hch (see Definition ^.31 ). 
(We have only described a small number of the predictions which appear in the 
physics literature — others can be found in |^ |T], |T^, |TD|.[|) 

Case 0: If = X is a smooth Weierstrass model, that is G = {e} and 
dim(G) — rk(G) = 0, then the quantum field theory tells us that Hch = and IZ 
= 0, as Hch is the (sum of) dimensions of certain irreducible representations of G 
(see |0|). This is in agreement with Theorem 



Case I: If W is singular along a single, smooth curve of genus g of A^v-i singu- 
larities everywhere, we know from Section |I]that G = SU(A^). The authors of 
show that under these hypothesis 

Hch = g{dim{G)-Tk{G)), 

and also state that the same should hold for any isolated curve. In this case one 
would have: 

72.= (^- l)(dim(G') -rk(G')). 

Case II: If the group is non-simply laced (see Section |l|) and W is singular along 
a unique curve G of genus g, then some of the exceptional divisors in X mapping 
to G are ruled surfaces over a curve G' of genus g' (see Corollary pT^) . Assume 
that there are Bi branch points of the map G' G, and that all degenerations 
of the generic singular fiber occur at these branch points. The authors of show 
that in most such cases 

= ^7(dim(G) - rk(G)) + {g' - g)'JZo, 

where TZq is a constant (which corresponds to the "charged dimension" of a certain 
representation po of G — see Definition In this case one would have: 

(4.1) n=ig- l)(dim(G) - rk(G)) + (g' - g)no. 

In the case of l2k+i with monodromy (yielding gauge group G = Sp(/c)), this 
formula is modified to one which involves Bi as well: 

(4.2) n=ig~ l)(dim(G) - rk(G)) + (g' - ^7)7^o + ^i?i(2A:). 

Case III: If W is singular along a single, smooth curve of genus g, the singu- 
larities are generically of type A^^i singularities, but they become of type A at at 
B2 isolated points: we know from Section |1| that G = SU(A^). The authors of 0] 
and show that under these hypothesis 

Hch = (?(dim(G) - rk(G)) + B2N. 

^Note in particular that Q used anomaly cancellation — as we do — to make and verify predic- 
tions about Hch- 
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In this case one would have: 

n={g- l)(dim(G) - rk(G')) + B2N. 

In Section ^ we will prove that all of these predictions hold and give a global 
explanation for the above formulas; we will also derive the value of TZq (which 
depends on G). 

5. Working assumptions and (most of the) notation 

Our basic strategy for verifying the formula for 7?. is as follows. On the one hand, 
the Euler characteristic of X can be calculated exploiting the elliptic fibration, 
studying the various types of singular fibers which can occur, and assigning to 
each a "contribution" to the Euler characteristic. First, the generic fibers make no 
contributions. Second, the fibers over the curves Sj make contributions which can 
be accounted for in terms of the genus of Sj and of its monodromy cover as well 
as the type of the Kodaira fiber. This leaves the contributions from intersection 
points of the S,:'s, or from special points along the Sj's at which the fiber becomes 
worse. 

On the other hand, a parallel decomposition can be made of the representation 
theory. There are specific contributions to Hch which are associated to the various 
local factors Gi of the gauge group, and depend on the genus of Sj and of its 
monodromy cover. If these are subtracted from our formula, what remains is 
a sum of contributions from the intersection points of the Sj's, or from special 
points along the Sj's at which the fiber becomes worse. 

Thus, once the "generic" singularities have been matched up, the verification 
can be reduced to a local question — for each type of singular fiber, verify that 
its contribution to the Euler characteristic is compatible with the assignment of a 
factor in the representation to the fiber. 

We will carry this out under some assumptions about the degenerations. To 
simplify matters and isolate the core of the problem, we will consider the case 
of a single non-abelian factor Gi in the gauge group. We will also make some 
simplifying assumptions about which degenerate fibers are allowed. (The cases we 
consider can be extended to a more general set-up: see Remarks |6.11| and |8]^ as 
well as |16[-) Our specific assumptions are as follows (see Equation (|1.2|)): 

(•) The locus of enhanced gauge symmetry is over a unique smooth curve Si. 
(•) The coefficients in the Weierstrass equation are otherwise general; following 

Q we assume that the local equations can be determined by the data in 

Table |I|. 

Proposition 5.1. Under these hypothesis the group G alone determines the mul- 
tiplicity m o/Si in S (see [^, Table 2] and the Tables in Appendix I): 

So + mSi = S G I - 12Kb\. 
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Equivalently 

Ti is defined by the equation s^'ctq, 
where ctq defines Sq and Si is defined by s = 0. 

Definition 5.2. We denote by and fi{g) the multiplicity of f and g resp. 

along Si, and by ^ip{f,g) the intersection multiplicity of f / s^^^^ and g/s'^^^^ at 
a point P G Si. 



Definition 5.3. We denote by X-^^ the singular fiber of Kodaira type over the 
general point of Si. 

We denote by {Qi, ■ ■ ■ Qc} , the singularities o/ Sq away from Si.- these are 
cusps: C is then the number of cusps o/Sq. 

We denote by X-^q the singular (nodal) fiber over the general point of "Sq while 
Xc is the singular (cuspidal) fiber over each point Qj. 

If Sq and Si are disjoint, all the degenerate elliptic fibers are the ones described 
above; if Sq fl Si 7^ there are other degenerate elliptic fibers, not necessarily 
of Kodaira type, over each intersection point. A complete classification of such 
degenerations is not available, except in the case of simple normal crossings 53, 
and the list of possibilities could be quite complicated. 

These points (the below) are exactly the singularities of S along Si; the 
roots of (To mod s determine the intersection of Si and Sq. 

In particular: 

Proposition 5.4. Our assumptions imply the following: 

(•) The equation defining Sq mod s = splits in the product of at most two 
factors: ■ /32^ = ai mod s. Each (3i is irreducible, and together with is 
determined by the choice of the group G (see the Tables in Appendix I). 

(•) I3i is smooth near Si.- (s, /Sj) are local coordinates around each intersection 
point and is the intersection multiplicity of Pi with Si. We write: 

Sq n Si = {PI, ■ ■ ■ Pi^t PIi' ' ' P2^}i 

where Bi is the number of the distinct roots of (3i; note that if ri = 1, the P- 's 

are points of simple normal crossings intersections. 
(•) (Equivalently:) Sq • Si = (-127^^ - mSi) ■ Si = ri^i + r252- 
(•) The degenerate elliptic fiber over each point P/ and the local equation around 

P/ does not depend on i, but only on i = 1,2: without loss of generality we 

write Xp- = n~^{Pl). We write the local equation in Table^. 
(•) The intersection multiplicity fipe{f,g) does not depend on i, but only on i = 

1,2; we denote it by fii{f,g). 

Proof. It follows from [ffl. □ 



12 

Proposition 5.5. • If G = SO{k) (k > 8), and m is as defined in Proposition 



5J] then rk(G') + 2 = m; 

• ifG = e, SU(2), SU(3), S0(8), E^, Ej, Eg , and J is regular, then rk(G) + 2 = 
m, Hp{f,g) = 0; 

• ifG = SU(?7.) and J has a pole along Si, then rk(G) + 1 = m, fi{f), fi{g) = 0, 
Note that G = {e} corresponds here to the Kodaira fiber of type II. 

Proof. It can be verified by inspection and exphcit computations. □ 
We list the values of m, ri, and r2 in the Tables in Appendix I. 

6. De constructing 
In this section we set up an algorithm to compute TZ, the fundamental invariant 



defined in 2.1 



We break up the contributions to Xtop as follows: 
Lemma 6.1. The following lines add to the topological Euler characteristic of X: 

ixtop(vr-^(Si \ u,,i^O) =xtopix^J ■ [1 - gi^i) - - \b,] 

\xtov{^,'r^-\Qj)) =\xtop{Xc) ■ C 

Proof. We compute the Euler characteristic of X via the structure of elliptic fi- 
bration (the Euler characteristic of the general fiber is zero) and Mayer- Vietoris' 
sequence. □ 

Now we want to effectively calculate each contribution in the above equations in 
terms of quantities which depend on the singularities along C and the group G. 

Note also that the singularities along C are determined by the geometry of the 
discriminant locus on 5; this is in turn determined by the intersections of a section 
of some multiple of Kb with Si (see Remark [L^). 

6.1. Deconstructing XtopiX'o\^jQj\^i,iPi)- 
We start with the following definitions: 

Definition 6.2. (Defining cxj.) If (pi : Bi ^ B is the blow up of a point P E D, 
with exceptional divisor E and 

Di = 01 (-D) — ai{P)E, its strict transform. 
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Corollary 6.3. With the above notation: 

{Kb, + D,) .D, = {Kb + D)-D- a,{P) ■ («i(P) - 1). 

In particular, if P is a smooth point of D, ai{P) = 1; if P is a cuspidal point of 
D, ai(P) =2. 

Definition 6.4. Let (pl^f^j^ ■ ■ ■ (pl ■ ■ ■ (f)\ be the embedded resolution o/Sq around the 

point PI and {al} := {at,(P{)}"i*| the collection of the integers as in^T^ (v depends 
on i, but we believe the distinction is clear.) Let us define: 

If PI is a smooth point, ei = —1; for the cuspidal points Qj we have e = 1. 
Corollary 6.5. 

Xtop(So \ Pj) = Xiop(So) \ M'\P,) = -{Kb + So) • So + e, 

Proposition 6.6. With the above notation we have: 

Xtop(So \ U,g,- \ U,,,P;) + 11 • 127^2 = rnKB ■ Si + 2mSi ■ So + m2s2+ 

+Piei + B2e2 + C. 

ti and t2 are defined in \6.4\ they are determined by non-generic the singularities 
along C . 

Proof. From the previous corollary we have: 

Xtop(So \ U,g, \ U,,,P;) = -{Kb + So) ■ So + dPi + £2^2 + ic. 

Note that Sq G | — 12Kb — w^Sil, which gives: 

-{Kb + So) ■ So = -11 ■ 12K| + ttiKb ■ Si + 2mSi ■ So + m^Si. 

Substituting this in the above equation we obtain the statement of the proposition. 

□ 

6.2. De constructing C, the number of cusps: 
Lemma 6.7. / and g then have 

{-AKB-ii{f)^i){-QKB-ii{g)^i) = 24ir2 +{4^(^)+6^(/)}KB-Si+^(/)/i((7)Si2 
intersection points, counted with multiplicity (f e \ — 4:Kb\, g E \ — 6Kb\)- 

Proposition 6.8. Then number of cusps C , away from Si is: 
C = 24Kl + {4fi{g) + 6^(/)}Kb • Si - /ii(/, g)B, - fi2{f, g)B2 + ^^{f)^^{g)l:^, 
where fJ,i{f,g) are defined in Propositions \5.2^ and |5.4 



14 



fii{f,g), fi{f), and fi{g) depend on the equation (p^ ) and are determined by the 
(non-generic and generic) singularities along C . 

Proof. C is the number of cusps away from Si; our assumptions in Section |^ 
imply that the cusps are determined by the common zeroes of the polynomials 
{/ = (7 = 0} away from Si (these are ordinary vanishing, see equation (pT|)). / 
and g might also vanish along Si, of orders yu(/) and ^i{g)] f mod s and g mod s 
might have a common zero along Si. The multiplicities of these latter zeros are 
measured by /ij(/, (7). (See Appendix 1.) □ 

Proposition 6.9. Using the formulas ( |6.6| ) and ( |6.8| ) derived above, we re-arrange 
the contribution to Xtopi^) in \6.1\ as follows: 

\xtop{^i,i ^'\Pe)) =lxtop{Xp,) ■ Bi + ^xtopiXp,) ■ B2 

^Xtop(vr-^(Si \ U,,P;)) =(^?(Si) - l)(-m) - KnB^ - \r1B2 

ixtop(vr-^(So \ U,g, \ U,,,P;) + hAKl =^mKB ■ Si + ^m^S? + mSi ■ Sq 

+ ^[{AM + Qfiif)}Kp ■ Si] - ^fi,if,g)B, 
-^f,,{f,g)B, + ^[f,{f)f,{g)^,'] 

^Xtop{Ujn-\Q,) - 2AKl ={M9) + QM}Kb ■ Si - fii{f,g)B, 

~^i2{f,g)B2 + Kf)K9)^i' 
The entries in the left hand sides of the above equations add to IZ; the coefficients 
on the right hand side are determined by the singularities, generic and non-generic, 
along C CW . 

Corollary 6.10. If X is a smooth Weierstrass model, then 1Z=0. 

One of the aims of this paper is to show that the entries on the right hand side 
are a collection of dimensions of certain representations of G (Main Theorem p.2|) 
which are determined by the singularities, generic and non-generic along C C W. 
In Section ^ we will show that also the converse is true, that is, the assigned 
representations determine uniquely the geometry of W. 



Remark 6.11. Note that the formula in Proposition |6.9| admits an immediate gen- 
eralization to cases in which there are more simple factors in the gauge group 
(corresponding to additional components of the discriminant). A somewhat more 
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involved notation is required, to handle possibilities of singular curves or in- 
tersections among several components, but the same geometric principles we used 
above will lead to a formula of the same general type. 

7. A SECOND LOOK AT TZ: Ei ■ Eq = (Si IS ISOLATED). 

We have considered in Section |^ the case X = W, we consider now the case 
when Si does not intersect the rest of the discriminant locus: equivalently, W is 
singular along a single curve C and the singularities are uniform along C. This 
case was also considered in the physics literature, see Section |[ 

Here the computations are simpler, and we can see clearly how by using the 
geometry of the base we can write TZ (that is, the equation in ( p.9|) ) as a function of 
the singular locus and certain representations of the group G. The first implication 
of the hypothesis is that J : i? is well defined around Si. By analyzing the 

vanishing of the anomaly we find a curious relation between the Coxeter number 
and rank in the case of the "exceptional series" of Deligne. 

Theorem 7.1. //Si does not intersect the other components of the discriminant 
locus then 

TZ = {dim{G) - ik{G)){g - 1). 
Note that dim(G') — rk(G) = dimadjg — dimKer(adjg). 

Proof. Case I: J is regular along Si (simply laced groups in Deligne's excep- 
tional series.) 

In this case G = {e}, SU(2), SU(3), S0(8), Eq, Ey, Eg, which (except for the triv- 
ial case) are precisely the simply laced groups in Deligne's exceptional series. Here 
the singular fibers are of types //, III, IV, /q, IV*, III*, IT, and m = Xtop(-^Si) < 
12. 

By assumptions, Bi = B2 = and TZ becomes (( |6.9|) ): 

^Xtopin-\i:, \ U,,P;)) =((7(Si) - l)(-m) 

ixtop(7r~'(So \ U,Qj \ U,,,P;) + 5AKl =^mKB ■ Si + ^m^S^ 

+ ^{Afi{g) + Qfi{f)}KB-^i 

lxtop{U,7r-\Q,) - 2AKl ={A^i{g) + Q^i{f)}KB ■ Si + /i(/)/x(5)S? 
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Now we use the geometry of the singularities of W: 

Kb -^1 + ^1 = 2(7(Si) - 2 
So ■ Si = 4^ 12Kb ■ Si = mS^ 
By solving the system we have (m < 12): 

Tn 

-Kb ■ Si = 2{g - 1) 

12 — m 

^ 12-m ' 

By substituting the above equation in the right hand side of IZ, we see that 
every term is a multiple of g — 1. 
Then: 

6 6 
n=—^{-2m+[m-2fiig)][m-3fiif)]+m^}ig-l) = — ^m(m-2)((7-l), 

in fact, by the definition of m, [m — 2fi{g)][m — 3yu(/)] = (see Appendix I). 
In this case we also have rk(G') = m — 2 (see Proposition |5.5D and thus: 

^ 6(rk(G) + 2) ^ 



Now, for these groups 

6(rk(G) + 2) 



10 - rk(G) '^^^^ = ^^^^ = '^^^^ ~ 
where /i(G) is the Coxeter number (see the following Lemma \l.2\ ). 



This is in agreement with the expectations from physics (see Section ^) together 
with Corollary |2.3| . 

Case II: J has a pole along Si Since J : B --■> is well defined around 
Si, Joo ■ Si = Kb ■ Si = 0. This together with the assumption = Sq ■ Si = 
(-12^"^ - mSi) ■ Si = -mS^, implies 2^1 - 2 = 0, that is, g = 1. 

The substitution in ( |6.6D gives IZ = 0. This is again consistent with the expec- 
tations in Section |. □ 

Lemma 7.2. The Coxeter numbers of the simply laced groups in Deligne's excep- 
tional series satisfy the relation: 

_ 6(rk(G)+2) 
- 10 - rk(G) • 

Proof. Case by case checking. □ 
This adds to the numerology of the exceptional series presented by Deligne in 
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8. Another look at 7?.: the Main Theorem. 

In the discussion below, we will describe the matter representation as a repre- 
sentation of the Lie algebra q; it is in fact induced from a representation of the full 
gauge group G associated to X. 

Definition 8.1. Let p be a representation of a Lie algebra q, with Cartan subal- 
gebra f). The charged dimension of p is (dimp)ch = dim(p) — dim(fcerp|(,). 

For example, if p is the adjoint representation then 

(dim adj)c/i = dim q — dim f) = dim G — ikG. 

Theorem 8.2. Notation as in Section |^. Then: 

TZ= {g -1) dim{adj)ch + {g - g) dim(po)ch +^^5p dim(pp)ch, 

PdA 

where A = {P G Si fl Sq such that the fiber over P is of Kodaira type }, g' is 
defined in the representations pp all come from a small list of representations 
given in Table and the coefficient 6p is | if the representation is quaternionic 
and is 1 if the representation is real or complex. (The quaternionic cases are labeled 
with i in the Table.) 

In Table^, we give the Kodaira type of the general hyperplane section through 
the singular fibers which occur under our hypotheses. For each type of singular 
fiber, we either list the associated representation pj, or (in the case of monodromy) 
we separate the "non-isolated part" of the representation and call it po, listing any 
residual representation as pj. In addition, in a few cases a representation occurs 
with multiplicity and (for later convenience at the end of section ^ we identify an 
irreducible representation p in the Table. 

Remark 8.3. Our assumption of a smooth, fiat elliptic fibration, imposes restric- 
tions on the type of degenerate singular fibers that might occur: 

(i) If {e} is associated to the Kodaira type fiber II, there is a double point 
singularity in the fiber over the simple normal crossings intersection point of the 
two branches (Sq and Si). This is terminal but not canonical, leading to a smooth 
but not flat fibration and a non-minimal Calabi-Yau threefold. We assume then 
that such points do not occur: the curve is isolated and the theorem holds (see 
Theorem fn\ ). 

(ii) If G = {e} (associated to the Kodaira type fiber Ji) or G = Sp{k) (associated 
to the Kodaira type fiber hk+i), the resolution of the generic singularities leaves a 
double point singularity in the fiber over the simple normal crossings intersection 
point of the two branches (So and Si). In fact, if the equation is otherwise generic, 
then no small resolution exists. We assume here for simplicity that there are no 
such points. 
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Type 


G 


Pi 


P2 


Po 


Pi 


P2 


P 


h 


{e} 


II 


h 




- 


NSR 




h 


SU(2) 


III 


h 




- 


fund 




h 


SU(3) 


IV 


h 




- 


fund 




hk, k>2 


Sp(A;) 


T* 


hk+l 




- 


fund 




hk+i, k>l 


Sp(A:) 


T* 


l2k+2 


+ 2 X fund 


^ fund 


NSR 


fund 


/„, n > 4 


SUH 


T* 


In+1 




A^ 


fund 




II 


[e] 


/// 






NSR 






III 


SU(2) 


IV 






2 X fund 




fund 


IV 


Sp(l) 


T* 




A^ + 2 X fund 


^ fund 




fund 


IV 


SU(3) 


lo 






3 X fund 




fund 


T* 

-'0 


G2 


n 




7 


- 






T* 


Spin (7) 


I* 


1*1 


vect 


- 


spin 




lo 


Spin(8) 


n 


n 




vect 


spin_|_ 




n 


Spin(9) 


T* 

-'2 


IV* 


vect 


- 


spin 




n 


Spin(lO) 


T* 

-'2 


IV* 




vect 


spin_|_ 




T* 

-'2 


Spin(ll) 


T* 
-'3 


III* 


vect 




7: spin 




/* 


Spin(12) 


T* 
-'3 


III* 




vect 


1^ ■ — 

2 spm.^ 




n > 3 


S0(2n + 7) 


T* 


NM 


vect 




NM 




n > 3 


SO(2n + 8) 


T* 


NM 




vect 


NM 




IV* 




///* 




26 








IV* 


Ee 


///* 






27 






III* 


Er 


//* 






^56 






ir 


Es 


NM 






NM 







Table A. The representations which occur under our "generic" hypotheses. 



(iii) If G is associated to the Kodaira type fiber //*, or /*, n > 12, the equation 
of the Weierstrass model is not minimal at the non-simple normal crossings inter- 
section point of the two branches So and Si. In order to resolve this singularity 
we would need to blow up B the basis of the fibration. In the resulting elliptic fi- 
bration (still flat and Calabi-Yau), the two branches of discriminant are separated. 
We assume then that such points do not occur. 

Remark 8.4. We have used the following notation in Table 

(•) Cases with no small resolution are denoted "NSR", and cases with non- 
minimal Weierstrass model are denoted "NM". 

(•) A dash denotes the trivial representation, whereas a blank entry denotes a 
situation in which there is no representation which belongs in that location. 

(•) The classical groups SU(n), Sp(?2) have representations on C", H", respec- 
tively, which are known as the fundamental representations and denoted by 



19 



"fund". This representation is quaternionic in the case of Sp(n). The second 
exterior power of the fundamental representation is denoted by "A^". In the 
case of Sp(n), is reducible and its irreducible "traceless" part is denoted 
by "A2". 

(•) The classical group SO(n) has a representation on R" called the vector rep- 
resentation and denoted by "vect" . Its double cover Spin(n) has spinor rep- 
resentations. When n is odd, there is one spinor representation, of dimension 
2(n-i)/2^ denoted by ' 'spin" . When n is even, there are two half-spinor repre- 
sentations, each of dimension 2^""^''/^, denoted by "spin_,_" and "spin_". Note 
that the spinor or half-spinor representations are real if n = 0, ±1 mod 8, 
complex if n = ±2 mod 8, and quaternionic if n = ±1, 4 mod 8. 

(•) In the case of the exceptional groups, we label representations by their di- 
mension (given in boldface type). 

Proof. As we have already seen in Section |^, the intersection numbers of the various 
parts of the discriminant in B determine the geometry of W and the choice of the 
group G and vice versa. Following Section ^, we write all the terms in IZ in 
Proposition as coefficients of g{C), the genus of the curve of singularities, the 
number of points where the singularities are non-generic, and g{C') = g', when 
the groups are non-simply laced, and then interpret the results. The coefficients in 
are determined by the group and the local geometry (the degeneration of the 



general rational double point) and are hsted in Appendix I. We divide the proof in 
3 steps. 

• Step I (O): 



We show how the geometry suggests the appropriate substitutions for So • Si, 
Kb ■ Si, Si^ and also Bi if the group has monodromy branched at Bi points. 

If Bi = B2 = 0, then the substitutions are uniquely determined (see Section 0). 

In section ^ we show how these substitutions are equivalent to certain repre- 
sentation-theoretic facts. If G 7^ Sp(A;) or SO(m), then after the substitutions we 
obtain the data in Table p. That is, the resulting formula for IZ can be written as 
a sum of local terms, associated to various points P, which can be collected into a 
formula of the form 

2 

(8.1) n={g- l)(dim(G)-rkG) + {g' - g)n, + 5^5,7^,. 

i=i 

The local contributions TZj are recorded in Table 0. 

In the cases G = Sp(A;), G = SO(m), there are choices in making the substitu- 
tions but if a careful choice is made we can again write things in the form ( p.l|) 
(see also Section ^for a better interpretation). 

As we will point out in Remark below, the substitutions can be formulated 
in a very general way which allows them to be applied in cases beyond the specific 
ones considered here [p!6| . 
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Type 


G 


dim G— rk G 


IZo 


7^l 


7^2 


h 


{e} 











NSR 


h 


SU(2) 


2 








2 


h 


SU(3) 


6 








3 


hk, k>2 


Sp(A;) 


2F 


2F - 2k 





2k 




Sp(A;) 


2P 


2P + 2A; 


k 


NSR 


In,n>A 


SU(n) 


— n 





— n) 


n 


II 


{e} 








NSR 




III 


SU(2) 


2 





4 




IV 


Sp(l) 


2 


4 


1 




IV 


SU(3) 


6 





9 




U 


G2 


12 


6 







T* 

u 


Spin(7) 


18 


6 





8 


T* 

u 


Spm(8) 


24 





8 


8 


/* 


Spm(9) 


32 


8 





16 


/* 


Spin(lO) 


40 





10 


16 


T* 

-'2 


Spin(ll) 


50 


10 





16 


/* 


Spin(12) 


60 





12 


16 


/:,n>3 


SO(2n+7) 


2(r2+3)^ 


2n+6 





NM 


/:,n>3 


SO(2n+8) 


2(n+3)(n+4) 





2n+8 


NM 


IV* 




48 


24 







IV* 




72 





27 




III* 


Ej 


126 





28 




11* 


Eg 


240 





NM 





Table B. The local contributions to the invariant 7?.. 



• Step II ( ^.2| ): We show how we can naturally interpret the entries in Table ^ 
as charged dimensions of certain representations (multiplied by the coefficient S), 
given in Table 0. That is, IZj = 6j dim{pj)ch- If P is not a branch point, then the 
(resolution of the) general elliptic surface through P can be associated to a group 
G' containing G, and the representation is obtained via the branching rules for the 
adjoint representation of G'. 

If G is non-simply laced, then we consider G C G', G' simply laced, and we use 
again the branching rules. (This gives the representation-theoretic interpretation 
of the number "T^o" from equations (^?T|) , (|4.2|) .) 

• Step III ( ^.31) . Finally we show how the number 6 can be derived from the 
geometry of the degeneration of the general double point to the singularity over 
p. □ 



8.1. Step I: The substitutions. 
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Proposition 8.5. Assume that resolution of the curve of singularities C leads to 
a non-simply laced group G, as in Namely, some of the exceptional divisors 
are ruled over a curve C , which is a finite cover of C of degree d = 2,3 (3 if and 
only if G = G2), ramified at Bi points. Write g' = g{C'), then: 

B^ = 2{g'-g)-{2d-2){g-l) 
Proof. The statement follows from Hurwitz's formula. □ 

Proposition 8.6. Following the notation in Section\^, we have: 

Si ■ So = riBi + rs^a. 
// the group G is non-simply laced, then 

Si ■ So = raSs + 2r^{g' - g) - {2d - 2)r^{g - 1), 
if there are Bi branch points of: C' ^ C. 



Proposition 8.7. The appropriate substitutions for —Kb ■'^i andU^ are the ones 
given in Table 0. 

Proof, (a) When J is finite and there is no monodromy, i.e., cases //, ///, IV, Iq, 
IV*, III*, II* corresponding to the simply laced groups {e}, SU(2), SU(3), 
S0(8), Eq, E-j, Es, in Deligne's exceptional series, then the local geometry is 
given by the following equations: 

■ Si + S? = 2(7(Si) - 2 
{-UKb - mSi) ■ Si = rifii + r^B^ Si ■ So = ri^i + r^B^), 
which can be solved since m < 12: 
^. ^ 2m(^-l) + ri5i+r252 ^2 24(^ - 1) + ri^i + r252 
12 — m 12 — m 

(b) When J is finite and there is monodromy, i.e., cases IV, Jq, Jq, IV* cor- 
responding to groups Sp(l), G2, S0(7), F4 which includes the remainder of 
Deligne's exceptional series, the local geometry is the same but we also use 
Proposition ^]5| to eliminate Bi in favor oi g' — g: 

(2m - 2ri{d-l)){g - 1) + 2ri{g' - g) + rs^s 



-Kb ■ Si 
Si 



12 -m 

2 (24 - 2rr{d~l)){g - 1) + 2ri(^' - g) + r^B^ 



12 -m 

(c) If G = SU(n), n > 3, Table [I| in Appendix I tells us that 
(8.2) Bi = -Kb ■ Si, 
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Type 


G 


-Kb ■ Si 


Si^ 


h 


SU(2) 


|5i 


2{g - 1) + Ifii 


hk, k>2 


Sp(fc) 


-{g ^ 1) + {g' ~ g) 


{g-l) + {g' - g) 


hk+i, k >2 


Sp(A;) 


-{g - I) + {g' - g) 


{g-l) + {g' - g) 


In,n>3 


SU(n) 


Bi 


2(^-1)+ Si 


II 


{e} 


1(^-1) + 1^1 




III 


SU(2) 


1(^-1) + 1^1 


|(^-l) + |i3i 


IV 


Sp(l) 


l{g-i) + U9'-9) 


\{g-i) + \{g'-g) 


IV 


SU(3) 


{g-l) + \B, 


3(^-l) + |Si 


lo 


G2 




'ii.g - + W - y) 


lo 


Spin(7) 


l{g-l) + l{g'-g) + lB, 


'i{g-l) + \{g'-g) + \B, 




Spm(8) 


2{g - 1) + |Si + 


A{g - 1) + \B^ + \B, 




SO(2n + 7) 


2{g-l)+B2 


4(5-l)+S2 




SO(2n + 8) 


2{g-l)+B2 


A{g-l)+B2 


IV* 




3{g-l) + {g'-g) 


5(^-1) + ((?'-(?) 


IV* 


Eq 


4{g-l)+B, 


6(^-1)+ Si 


III* 




6{g~l) + B, 


8(^-1)+ El 


11* 




lOig - 1) + B, 


12(^-1) + Si 



Table C. The substitutions. 



where Si is the number of non-simple normal crossings intersections. The 
genus formula then says that 

(8.3) Si^^ 2(^-1) + Si. 

(The case of SU(2) is similar, using Si = —2Kb ■ Si.) 

(d) If G = Sp([|]), n > 3, coming from with monodromy, then Si = —2Kb-^i 
so that 

-KB-T., = {g' -g)-{g-l). 
Combining this with the genus formula yields 

^,^ = {g'-l) + {g-l). 

(e) Finally, if G = S0(2n + 7) or S0(2n + 8) coming from /*, n > 1, then 
S2 = -2Kb ■ Si - Si^ which can be combined with the genus formula and 
solved to give: 

-Xb • Si = 2(^ - 1) + S2; Si2 = 4(^-1) + S2. 

□ 
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Step I now proceeds as follows: use the data in Tables |^ and ^ in Appendix I 
to evaluate the "local" contributions to the Euler characteristic, in the formula for 



IZ given in Proposition |6.9| . Then make the substitutions given in Propositions |8]6 
and (supplementing them with Proposition p.5| if there is monodromy) into the 
resulting formula; in all but a few cases (detailed below) this yields a formula of 
the form 

2 

^={9- l)(dim(G')-rkG') + {g' - g)n, + 5^5,7^^• 

j=i 

with the local contributions TZj recorded in Table (For simplicity of notation, 
we define TZq = when there is no monodromy.) 

The exceptional cases are l2k+i with monodromy, and /*. In the case of l2k+i 
with monodromy, the formula should be written with a term kBi to which the 



substitution from Proposition ^]5| is not applied.^ 



In the case of I* the term mSi ■ Sq in the formula for should be broken into 



two parts, using the substitution from Proposition to evaluate a term of the 



form (m — 2)Si ■ Y^q, but evaluating the remaining term 2Si ■ Sq as 

2Si ■ So = 2{-12Kb ■ Si - mSi^) = (48 - 8m){g - 1) + (24 - 2m)B2 
(using Proposition K7\ for the last step). 



The results of all of these manipulations are recorded in the coefficients given in 
Table El. 



Remark 8.8. It is worth observing, for possible generalizations to other cases [ITB 



that the substitutions we have used can be formulated intrinsically without refer- 
ence to assumptions about the particular types of degenerate fibers which occur. 
This is clear for the substitutions given in Propositions ^.5| and |8.6|. In the case of 



Proposition |8.7| , when J is finite the substitution only depends on the discriminant 
locus. If J = cxD and we have type /„ along Si, consider the Weierstrass equation 

(8.4) y^ = :,3 + fjr + g 

(which is intrinsically associated to the elliptic fibration) and note that neither / 
nor g vanishes identically along Si. The location of the singularity is given by either 
X = —3g/2f or (equivalently) x = 2f'^/9g. There is then a divisor f3 on Si (in the 
class — 2S j • S) represented by divs^ (^f) — divs^ (/) or by 2 div^i (/) — div^i (g). In 
our case, this divisor coincides with the divisor Bi (when there is monodromy) or 
2Bi (when there is no monodromy) which we used in Proposition fj.7| . 

Similarly, if J = oo and we have type /* then neither //s^ nor g/s^ vanishes 
identically along Si. The divisor f3 on Si, which coincides with the divisor B2 



^We are choosing to do this in order to more easily present the formula as agreeing with a 
calculation in representation theory; of course, the version of this formula in which all Bi terms 
have been eliminated is also perfectly valid. 
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which we used in Proposition p?7| , is represented by div-Ej^{g / s^) — divsi(//s^) or 
by2divs,(//s')-divs,((7/s3). 

Note that this same computation could just as easily be carried out in the case of 
multiple components of the discriminant. The starting point would be a straightfor- 
ward generalization of the equation in Proposition |6.9| . Then for each component of 
the discriminant, one would use the corresponding substitution (according to the 
singularity type along that component) and manipulate the substituted formula 
precisely as above. The result is a division into "non-local" terms associated to 
the various factors of the gauge group (taking precisely the same form as above), 
and "local" terms associated to isolated points along the discriminant locus. We 
will explore this generalization further in |16| ]. 

8.2. Step II: Branching rules. In this subsection and the next, we explain how 
to systematically determine representations pj, associated to monodromy covers 
and to degeneration points, whose charged dimensions reproduce the numbers TZj 
which were calculated in Table 

Let f) C g be a subalgebra of a Lie algebra. Given an irreducible representation 
p : g ^ GL(A^, C), a natural question is how p decomposes under i). The answer 
can be obtained by following the "branching rules" (see for example [p5|] ). 

The representation po 

In the case of non-simply laced groups, according to p[ the representation po is 
determined by the branching rules for go C g, where go is the non-simply laced 
algebra and g is the corresponding simply laced algebra (whose Dynkin diagram 
covers that of go). In each such case, go is the fixed subalgebra of some outer 
automorphism of g of finite order. 



Proposition 8.9 ([^). The following branching rules hold (using the notation 
for representations established in Remark \8.4\ ): 

• Sp(A;) C SU(2A;) (involutive outer automorphism): 

adj SU(2fc) = adj Sp(A;) © 

• Sp(fc) C SU(2A; + 1) (outer automorphism) : 

adj SU(2fc + 1) = adj Sp{k) © © fund © fund 

• S0(2/c — 1) C S0(2A;) (involutive outer automorphism) : 

adj S0(2A;) = adj S0(2A; - 1) © vect 

• G2 C S0(8) (outer automorphism): 

adjS0(8) =adjG2©7©7 

• F^^fZ Eq (involutive outer automorphism): 

adj Eq = adj F4 © 26 
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In the involutive cases, we have po given as the (— l)-eigenspace of the involution, 
i.e., the complement of adj 0o within adj 0. Thus po coincides with Aq, vect, and 
26 in the first, third, and fifth cases above, respectively. 

In the case of Sp(/c) C SU(2A; + 1) , although the automorphism of g has order 
4, the monodromy action is only order 2, and po is again given by the complement 
of adj 00 within adj g, i.e., po = © fund © fund. 

In the case of G2, the order 3 monodromy action leads to the representation 
Po occuring with multiplicity two in the complement of adj go. (These two copies 
correspond to the eigenspaces for the monodromy action with eigenvalues e^^'^*/^.) 
Thus, in this case po = 7. 

Note that in all cases, the charged dimension of the representation po agrees 
with the number TZq calculated in Table 0. 

The representations pj 

Representations associated to the points p can also be determined via branching 



rules, using a method pioneered by Katz and Vafa ||2^. If the general surface 
section through p has a rational double point associated to G' D G, then the 
representation associated to p is determined by the corresponding branching rule 
(modulo a few subtleties to be discussed in the next subsection). 

Proposition 8.10 ([^]). The following branching rules hold (still using the no- 
tation from Remark \8.4\ ): 
• SU(n) C SU(n + 1).- 



adj S\]{n + 1) = adj SU(n) © fund © fund ©1 

• SU{n) C S0(2n).- 

adj S0(2n) = adj SU(n) © A^ © A^ © 1 

• S0(2fc) C SO(2A; + 2).- 

adj S0(2A; + 2) = adj S0(2fc) © vect © vect ©1 

• Spin(lO) C Eq: 

adj Eq = adj Spin(lO) © Spin^ © Spin_ ©1 

• Spin(12) C E7: 

adj Er = adj Spin(12) © Spin+ © Spin_ ©1 © 1 © 1 

• Eq C Ej: 

adj Ej = adj £"6 © 27 © 27 © 1. 

• EjC Eg: 

adj Eg = adj © 56 © 56 © 1 © 1 © 1. 

(There are also non-standard embeddings of D4 into which lead to branching 
rules involving the Spin^_ or Spin_ representations of S0{8) rather than the vector 
representation.) 
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Each of these branching rules takes the form 
(8.5) adjfl = adj So ©P©P© 1 

for some representation p; it is p which determines the matter representation. 

For example, when the general fiber of type SU(2A;), degenerates to SU(2A; + 1), 
then we use the branching rule corresponding to the inclusion SU(2A;) C SU(2/i;+ 1) 
to determine the correct representation "fund" appearing as p in the statement of 
the theorem. 

The matter representations pj for non-simply laced groups at non-branch points 
can be inferred by looking at the representation of the corresponding simply laced 
group. 

The cases SO (12) C Ej and Ej C E^ (as well as the fundamental representation 
of Sp(/c)) lead to quaternionic representations and follow a somewhat different pat- 
tern, as we will explain in the next subsection. In all other cases, the representation 
pj determined by these branching rules has a charged dimension which agrees with 
the number TZj calculated in Table |^. 

8.3. Step III: Resolutions of non-generic singularities, deformation the- 
ory, complex and quaternionic representations. 

Up to this point, we have described the "matter" representation as a complex 
representation of the group G (as is customary in the physics literature^). How- 
ever, the representation we need is more accurately described as a quaternionic 
representation, that is, a representation into GL(EI'^). Given a complex represen- 
tation p, the representation p © p is automatically quaternionic — this is how one 
passes from complex to quaternionic in many cases. However, some quaternionic 
representations cannot be described as the sum of a complex representation with 
its complex conjugate. This explains the presence of the factor 5 = i in certain 
terms of the formula for 7?., since in all cases we are actually counting 1/2 of the 
quaternionic dimension of the representation. 

How do these complex and quaternionic representations show up in the geome- 
try? Consider again the general elliptic surface passing through p. In all the cases 
we are considering, this surface has a rational double point singularity, which can 
be associated to a simply laced group G' . Deforming to a nearby surface we again 
find a rational double point, this time the one associated to the group G. 

There are three possibilities for a one-parameter family of rational double points: 
(1) it fails to admit a simultaneous resolution of singularities, (2) it is a base-change 
of a family of type (1) which admits a simultaneous resolution of singularities, or 
(3) it admits a simultaneous resolution of singularities, and is not the base-change 
of a family which failed to admit such a resolution. When analyzed carefully, 
the Katz-Vafa prescription ||2^ operates differently in these cases, depending on 



®In the physics hterature, one refers to "hypermultiplets taking values in a complex represen- 
tation" or, equivalently, "half-hypermultiplets taking values in a quaternionic representation." 
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whether or not simultaneous resolution is possible.[] It is possible to explicitly 
compute whether or not this is possible in each instance, using the formulas in 
||21|| . (One calculates the equation of the family after performing the base-change 
which ensures that simultaneous resolution is possible; the fact that a base-change 
has been performed can then be recognized from the dependence of all coefficients 
on rather than t, for some integer k which represents the degree of the base- 
change map. See where many of these calculations have been carried out.) 

Of the branching rules described in Proposition |8.1CI| , the first one (SU(n) C 
SU(n + 1)) falls in case (3), and all others fall in cases (1) and (2) (depending on 
whether pj is being treated as a representation of a simply laced or a non-simply 
laced group). There is a further distinction that can be made in case (1): making 
a base-change to produce a simultaneous resolution, the base-change group will 
act on the set of roots, and this action may or may not induce monodromy on the 
Dynkin diagram. 

In case (1), if we perform a finite base-change, a simultaneous resolution becomes 
possible and the branching rules determine the representations which are involved. 
However, the covering group for the base-change acts on these representations, 
and only the invariant representation appears in the original family. In four of the 
branching rules from Proposition ^.10[ there is monodromy on the Dynkin diagram 
and we have already analyzed the corresponding representations from that point 
of view. The representation p (whose weights are represented by holomorphic 
curves) is mapped to the representation p (whose weights are represented by anti- 
holomorphic curves) with the upshot being that each ramification point on the 
parameter curve is associated to 1/2 of the full representation. (Of course, we 
are not counting this as a contribution to the local representation at the branch 
point — this part of the representation theory is non-local, and is accounted for by 
the representation po-) 

Note that these same four branching rules also occur in the context of case (2) 
families, where there is no monodromy. In these cases, the entire branching rule 
plays a role, and the quaternionic representation associated to such a point is p®p 
(corresponding to the complex representation p). Note that the singularity is fully 
resolved in these cases, as is refiected in the Euler characteristic computations in 
Table § in Appendix I. 

The remaining two types of branching rules, S0(12) C Ej and Ej C Es, only 
occur in the context of case (1) in our setup, and there is no monodromy on the 
Dynkin diagram. In these cases, the action of the covering group similarly maps p 
to p, but in these cases the representation is quaternionic and p = p. The upshot 
is that the "complex representation" associated to each such point is 1/2 of the 
quaternionic representation p. (Note that the covering group acts as —1 on the "1" 
summands in the branching rule, so that these do not contribute as they are not 



''We are grateful to Sheldon Katz for correspondence on this pomt. 
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invariant.) In both of these cases, the singularity of the surface is not fully resolved, 
as is reflected in the Euler characteristic computations in Table ^ in Appendix I. 

The multiplicities of these points are slightly different in the cases of Kodaira 
fibers of types II and III, but the same representations occur. See 0, where these 
cases are worked out in detail. 

9. Another look at the substitutions: 
Representation theory. 

We have seen how the degenerations of the general singularity determine certain 
representations of the group G; here we show that the converse also holds: once one 
chooses the representations which might occur, the geometry of the Calabi-Yau is 
completely determined by some relations in representation theory. We will at the 
same time verify the additional anomaly cancellations stated in Theorem |3.4 

We will verify that the generalized Green-Schwarz anomaly cancellation mecha- 
nism works in the way that was proposed by Sadov [^.[| The factored form ( p. 3D 
is taken to be 

(9.1) i Qi^B tr i?2 + 2 tr F^^ ■ (^^Kb ti + 2 ^^ 

The anomaly cancellation requirements are deduced by comparing this with equa- 
tion ( p.2|) . The coefficients of (tri?^)^ agree due to the relation 9 — ut = K]^, 
which follows from Noether's theorem on the surface B (since x{^b) = 1)- The 
remaining coefficients lead to equations 

-6Kb ■ Si(tr F^) = - Tr,dj + Y,np Tr, F^ 

p 

3I],2 (tr F^y = - Tradj + Tr^ F^ 

p 

■ i:,{tTF^){tTFf) = Y,npa Tt,F^ Ti^Ff 

which must be evaluated using the relations in the ring of G-invariant functions. 
Note that in our case there is a single local factor Gi of the gauge group G, and 
we can suppress the subscript i and denote its adjoint curvature by F. 

We must also specify, for each type of group, a "fundamental representation" 
in which to evaluate the trace tr on the left-hand side of the equations. We take 
tr = Trfund to be the trace in the usual fundamental representation for SU(n) and 
Sp(/c), we take tr = ^ Tr^ct to be one-half of the trace in the vector representation 
for Spin(m), and we take tr to be the trace in the smallest representation of the 
group in the case of the exceptional groups. 



'We have corrected sorae minor numerical errors in IplJ 
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Note that if we were to replace tr by some multiple of it, say Atr, then we 
would multiply —QKb ■ Si by A and 3Sf by A^. Making the geometry match 
the representation theory completely constrains our choice of A, and we express 
everything below in terms of the "correct" trace for each group. 

Having specified the fundamental representation, tr will correspond to a basis 
of Casimir operators of second order, and (trF^)^ will be one of the basis elements 
for Casimir operators of the fourth order; when there is a second independent 
fourth-order Casimir, the second basis element can be taken to be trF^. Traces 
taken in other representations can be expressed in terms of these. We have collected 
the data of this sort that we need (mostly taken from Erler |TB[) in Table (in 
which we use the notation spin^ to denote either spin or spin^). 



G 


p 


TipF' 


7^ ^T^l 

Tr F 


SU(2) 


adj 
fund 


4trF^ 
tr 


8(tr F'Y 
i(tr F^f 


SU(3) 


adj 
fund 


6trF^ 
tr F2 


9{tTFY 
i(trF2)2 


SU(n), 
> 4 


adj 
fund 
A2 


2ntr F^ 
tr F2 
{n - 2)tr 


6(trF^)^ + 2ntr F^ 
0(trF2)2 + trF^ 
3(trF2)2 + (n-8) trF^ 


Sp(fc), 
k>2 


adj 
fund 


(2A; + 2) trF^ 

tr F2 
(2A;-2)trF2 


3(trF^)^ + (2fc + 8) trF* 

0(trF2)2 + trF^ 
3(trF2)2 + (2A;-8)trF^ 


Spin(m), 
m > 7 


adj 
vect 
spin^ 


(2m-4)trF^ 
2trF2 
dim(spin^)(i tr F^) 


12(trF^)^ + (2m - 16)trF4 
0(trF2)2 + 2trF^ 
dim(spinJ(^(trF2)2 - itrF^) 


Eq 


adj 
27 


24 tr F^ 
6trF2 


18(tr F'^y 
3(trF2)2 


Ej 


adj 
56 


36 tr F' 
12 tr F2 


24(trF^)^ 
6(trF2)2 


Es 


adj 


60 tr F' 


36(tr FY 


Fa 


adj 
26 


18 tr F' 
6trF2 


15(tr FY 
3(tr FY 


G2 


adj 
7 


8trF^ 
2trF2 


lO(trF^)^ 
(trF2)2 



Table D. 



It is now a straightforward matter to verify the remaining anomaly cancella- 
tions. We illustrate the procedure in the case of G = SU(?t,), n > 4, with a matter 
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representation in which the adjoint representation has multiphcity (7, the funda- 
mental representation has muhiphcity B2, and has multiphcity Bi (as specified 
in Theorem ^.21 ) . 

From Table we read off the facts which must hold in order for the gauge and 
mixed anomalies to cancel: 

-6Kb ■ Si = 2n{g - 1) + B2 + {n - 2)Bi 
= 6{g - 1) + OB2 + Wi 
= 2n{g -l) + B2 + {n- 8)Bi. 

(Note that there are two equations coming from the quartic anomaly, since there 
are two independent fourth order Casimirs.) 

To verify these, we use the geometric relations which characterize g, Bi, and B2, 
namely 

B, = -Kb ■ Si 

B2 = (-SfCfi - nSi) ■ El 

^7 = (^^B + ^Si) ■ El. 

When these are substituted into the right-hand side of the proposed anomaly re- 
lations, 

2n{^KB + isi) + {-8Kb - nSi) + {n - 2){-Kb) = -6Kb 

6{^Kb + ^Si) + 0(-8Ab - nSi) + 3{-Kb) = 3Si 
2n{^KB + isi) + (SKb - nSi) + {n - 8)(-Kb) = 0, 

the relations are verified. 

A similar verification can be carried out in all cases. It is convenient to sup- 
plement the geometric formulas for g and -Bj's with a formula for for g' — g in 
the case of monodromy, and to compute a quantity i? in a few cases (in order to 
match the representation p in the representation theory, as determined in The- 
orem |8.2|) . We summarize the data in Table ^ (We have omitted the relation 
g = {\Kb + |Si) ■ Si, which always holds.) Carrying out the verification is then a 
simple exercise in combining Tables and |^, as we have done in the case of SU(n) 
above. 



Remark 9.1. As in Remark |8.8| , we can express this part of the verification of the 
anomaly cancellation in terms which are somewhat more intrinsic. We defer the 



details of this to |]T6|, but observe here how this can be carried out in the case of 
SU(n), n > 4. 
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Type 


G 


Basic relations 


Derived relations 


h 


SU(2) 


(-8Ab - 2E1)) • El = B2 




h 


SU(3) 


{-9Kb - 3Ei) • El = ^2 




I 2k 


Sp(fc), 
fc > 2 


~2Kb • El = Bi 
{-8Kb - 2fcEi) ■ El = B2 


g'-g= (-ii^B + iEi).Ei 


hk+l 


Sp(fc), 
fc > 1 


-2Kb • Si = Si 
(-6ifB-(2fc + l)Ei)-Ei =^2 


.g'-.g= (-i/Cs + iEi). El 
B = 2{g' -g) + \B^ + B2 
= {-8Kb - 2fcEi) • El 


In 


SU(n), 
n > 4 


-2A:i3 • El = 2Bi 
(-8i^B -nEi) • El = ^2 




III 


SU(2) 


i-4KB - El) • El = Bi 


B = 2Bi = {-8Kb - 2Ei) • Ei 


IV 


Sp(l), 


{-6Kb - 2Ei) • El = Si 


.g'-.g= (~|AB-iEi)- El 
B ^ 2{q' -q) + hBi 
= {-8Kb - 2Ei) ■ El 


IV 


SU(3) 


(-^Kb - Ei ■ Ei — B^ 


B — ?,B^ — (-^Kb - HEi") ■ El 


T* 


G2 


{-12Kb - 6E1) • El = Bi 


g' - g = (-Si^B - 2Ei) • El 


T* 




(, 'i-A.iJ ^■^1) ^l — D\ 

{-AKb - 2Ei) • El = S2 


n' — n — ( —iK n — ^VA ■ 

y y — \ 2 B 2 i-* 1 


-'o 




(-4i^B - 2Ei) • El = S2 




T* 




U-f\i3 'i^lj ^1 — D\ 

(-2i^B-Ei)-Ei = S2 


n' — n — ( Kn — \ ■ Vi 

g g — \ 2 B ^ i/ i 


J* 




SR'd — 2Ei'l • El — Bi 
(-2ifB-Si)-Ei = B2 




T* 

-'2 




OIVB UZjI^ ZjI — _L»1 

(-2ifB-Ei)-Ei = B2 


n' — n — ( — 1Kb — ^Ei • El 

g g — I, 2 ^ 2 ^ ^ -'^ 


T* 

^2 




(—4-Ka — ^Eil - El — Ri 

I, ^-fV^ OZJl^ Zjl — _D1 
(-2Kb - Ei • Si — Bo 




J*, 

^2k-3 


SO('4fc + 1 "1 


(—(\Kb — 2fcEi'l - El — Ri 
(-2Kb - El) • El =0 


n' - n — (-^Kb - ffc-i'lEi'l ■ El 

g g — ^ 2 ^ ^ 2'' 1 


T* 

2k-3 


S0(4fc + 2) 


{-3Kb - fcEi) • El = Bi 
{-2Kb - El) • El = 




T* 

^2k-2 


SO(4fc + 3) 


(-SATs - (2fc + 2)Ei) • El = Bi 
{-2Kb - El) • El = 


g'-.g= (-^A-B-(fc+i)Ei).Ei 


T* 

^2k-2 


SO(4fc + 4) 


(-4i^B-(fc + l)Si)-Ei =Si 
{-2Kb - Si) • El = 




IV* 


Ee 


(-12A:b - 8E1) • El = 4Si 




IV* 


Fi 


(-12A:b - 8E1) • El = 2Bi 


.g'-.g= (-|i^B-|Ei). El 


III* 


Ej 


(-12^-3 - 9Ei) • El = 3Bi 




ir 


Es 


(-12is:B - lOEi) • El = 





Table E. The relations. 



The intrinsic geometric quantities we need are the divisor So ■ Si, the arithmetic 
genus Pa (Si), and the divisor (3 from Remark |8.8| (which is the intrinsic version of 
2Bi). We derive from these an intrinsic version of i?2, represented as Sq • Si — 2/3. 
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Then in the anomaly cancellation requirements, we can represent the coefficient of 
tr Ff as 

77—2 

2n(p„(Si) - 1) + (So • Si - 2/3) + -^(5 
and the coefficient of (trF-^)^ as 

6(p„(S0 - 1) + ^/3. 
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Appendix I: How to compute IZ 
(the coefficients in Proposition [6]^ and other things) 



In this section we study the local equations and the geometric data for each 
group and their generic degenerations. 

Following we analyze the local equations in Tables |I] and ^ In Tables ^ and 
^ we list, for each group, the coefficients of the right hand side of the equation 
defining 7?., in Proposition The entries of Table |1| are taken from those 



of Table ^ are well known; to compute the others we need the affine equations of 
( |1.2D and ([n|). We will work out the details for the case G = SU(2A;) in Appendix 



II. 



We need to use a more general form of the Weierstrass equation ( p..!] ), namely 
(1.2) y'^ + aixy + a^y = + a2X^ + 040; + Og. 

Since W is assumed to be a Calabi-Yau G | — j-ft'sl- 



Definition I.l. It is convenient to use the following: 



62 = cti^ + 4a2, &4 = aitts + 2a4, Bq = + 4ae 



bg = («! + ^2)06 - 0-4 
The coefficients in (|1.1|) are now: 



f = ^(62' - 2464), g = ^(-^2' + 3662&4 - 21666). 
If aj (resp. bj) vanish along Si of order k, then we write 

aj,k = % {resp. bj^k = \)- 

Table |1| is mostly taken from the first two columns list the Kodaira fiber 
and the associated group (see Section 0); in the middle columns we write the 
order of vanishing of each a, along Si. Recall that our hypothesis (a fiat Calabi- 
Yau fibration) imposes some restriction on the self-intersection of the ramification 
divisor (see the Remark after the Main Theorem |8.2|). In the last column, we 



exhibit how the equation for Sq mod s breaks into factors; the power rj which 
gives the multiplicity of the factor (3j is indicated in the factorization in each case. 

We have incorporated some necessary corrections to the Table from |Q. First, the 
entry for /2fc+i, k > 1, with gauge group SU(2A;+1) corresponds to the Weierstrass 
equation 

y + aixy + as^kS y = x + a2,isx + a4,k+is ^ x + a6,2fc+is ^ , 
which has discriminant 

-^ai^(ai^a6,2fe+i - 0103,^04, fc+i + 03, fc^ 02,1) s^''"^^ - ^afal ^^s^'' + 0{s^''+^). 
16 16 
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Thus, the correct leading term in the local equation of So in this case (the "residual 
discriminant") takes the form 

a?(ai&8,2fc+i - al,k): if A; = 1, 

and 

ath,2k+i, if A; > 1 

{not alaQ^2k+i as was written in 0]). 

Second, the residual discriminant in the case IV (with gauge group SU(3)) should 
read —21a\^ rather than — 27032- 



Type 


G 


ai 


^2 


03 


04 


ae 




r 




n 


n 


1 

X 


1 

X 


1 

X 




-'2 




n 


n 


1 

X 


1 

X 


9 


yU2) {'^8,2) 






n 


1 


1 

X 


9 




(n,y^(n,ho — n-^ V 
yUl) ^^"11^8,3 "'3,1 J 


Tnl k > 9 




n 


n 

W 


k 


k 


2k 


\U2) \^8,2k ) 


hk+1, k > 1 


Sp(fc) 








k+1 


A;+l 


2k+l 


(&2)^(a6,2fc+l)' 


In,n>4: 


SU(n) 





1 




r Ti+i 

[ 2 J 


n 


(ai)*(fe8,n)' 


II 


{e} 


1 


1 


1 


1 


1 




III 


SU(2) 


1 


1 


1 


1 


2 


(«4,l) 


IV 


Sp(l) 


1 


1 


1 


2 


2 


(^6,2)' 


IV 


SU(3) 


1 


1 


1 


2 


3 


(03,1)^ 


T* 
-'0 


G2 


1 


1 


2 


2 


3 


(Al2,6)^ 


T* 
-'0 


Spin(7) 


1 


1 


2 


2 


4 


(«2,1 - a4,2)^(a4,2)^ 


lo 


Spin(8) 


1 


1 


2 


2 


4 


(\/'^2,l - '^4,2) (04,2)^ 


n 


Spin(9) 


1 


1 


2 


3 


4 


(M'Kl)^ 


II 


Spin(lO) 


1 


1 


2 


3 


5 


(03,2)^(02,1)^ 


T* 
-'2 


Spin(ll) 


1 


1 


3 


3 


5 


(a^3 -402,106,5)^(02,1)^ 


T* 
-'2 


Spin(12) 


1 


1 


3 


3 


5 


(\/«4,3 - 402,100,5) (02,1)^ 


-^2fc-3' ^ ^ 3 


S0(4A;+1) 


1 


1 


k 


k+1 


2k 


(&6,2fc)^(02,l)^ 


-^2fc-35 ^ > 3 


SO(4A;+2) 


1 


1 


k 


k+1 


2k+l 


(03,fc)^(02,l)^ 


-^2fc-2) k>?, 


SO(4A;+3) 


1 


1 


k+1 


k+1 


2k+l 


('^4,fc+l~4a2,l06,2fc+l)^(02,l)^ 


^•2k-2i k > 3 


SO(4A;+4) 


1 


1 


k+1 


k+1 


2k+l 


('\/'^4,fc+l~4a2,l06,2A:+l) (o2,l)^ 


IV* 


F4 


1 


2 


2 


3 


4 




IV* 


E, 


1 


2 


2 


3 


5 


(03,2)^ 


III* 


Ej 


1 


2 


3 


3 


5 


(04,3)^ 


11* 


Eg 


1 


2 


3 


4 


5 


(06,5)^ 



Table 1. 
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Remark 1.2. Following Q (see also Proposition |5.4]) we see that if 

So n El = {pI, ■ ■ ■ Pi^ ,P2,--- P2^}, 
then the local equation of So around P/ does not depend on i, but only oni = 1,2. 

In Table |] we list the local equation (I.e.) of Sq around Pi and P2. As usual, we 
denote by s = the divisor Si; t is a convenient coordinate vanishing at Pj and 7j 
is a suitable invertible function near {s = t = 0}. 

Our assumption on the existence of a smooth Calabi-Yau resolution imposes of 
Si and So We write "NM" or "NSR" if the intersection type, as stated in Table I 
is not compatible with our hypothesis due to the singularities being non-minimal 
or having no small resolution. 



Type 


G 


I.e. at Pi 


I.e. at P2 


L 

1 


L J 


7i t'^ + 795 = 


NSR 


h 


SU(2) 


'Int'^ + ■7i S = 


transversal 





SU(3) 


Int'^ + -Y^S = 


transversal 


hk, k>2 


Sp(A;) 


{2 _ ^_gfe ^ Q 


transversal 


hk+i, k>2 


Sp(fc) 


t'(70t + lis) + 72ts'^+l ^ _ Q 


NSR 


In,n>4: 


SU(n) 


+ 7it^ = 


transversal 


II 


{e} 


NSR 




III 


SU(2) 


70S + 7it^ = 




IV 


Sp(l) 


+ s = 




IV 


SU(3) 


t^ + 7os" + 7ist' = 




T* 
-'0 


G2 


transversal 




T* 
-'0 


Spin(7) 


transversal 


+ s = 


^* 


Spin(8) 


70S + 7it^ = 


70S + 7it^ 


n 


Spin(9) 


transversal 


70S + 7ii:^ 


n 


Spin(lO) 


+ s = 


+ s = 




Spin(ll) 


transversal 


+ s = 


T* 
-'2 


Spin(12) 


^t^ + s = 


+ s = 


n > 3 


SO(2r2 + 7) 


transversal 


NM 


/:,n>3 


SO(2r2 + 8) 


+ s = 


NM 


IV* 




7S + = 




IV* 




70S + t^ = 




in* 


Er 


70S + 7it^ = 




IP 


Es 


NM 





Table 2. 



In Table ^, /i denotes the Coxeter number of the group G, m the multiplicity 
of Si in the discriminant, and /i(/) (resp. ^{g)) the vanishing of / (resp. g) in 
equation (|L1|) along Si (see also Section^. 
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G 


h 


L iV 


1 1 L 


ii(f) 




L 

^ 1 








1 


n 


n 






9 


1 


9 


n 

W 


n 

W 


-'3 






9 




n 

W 


n 

W 


Tnl k > 2 






k 


2k 


n 

W 


n 

W 


Tnl , -I t > 1 

-'2A:+1) ^ -L 




2k 


k 


2k -1- 1 


n 

W 


n 

W 






I V 


Tl — 1 


/ 6 


n 

W 


n 

W 


TT 

± ± 








9 


1 


1 


TTT 

± J. J. 




2 


1 


'X 


1 


9 


TV 




9 


1 

X 


A 


9 


9 


TV 






9 


4 


9 


9 


T* 

-'0 






9 


\j 


9 




/* n > 


V 1 ^ f (j 1 1 J 


2n + 6 


n + 3 


n -\- Q 


2 


3 


l*,n>0 


S0(2n + 8) 


2n + 6 


n + 4 


n + 6 


2 


3 


IV* 




12 


4 


8 


3 


4 


IV* 


Ee 


12 


6 


8 


3 


4 


III* 


Er 


18 


7 


9 


3 


5 


ir 


Es 


30 


8 


10 


4 


5 



Table 3. 



In Table ^ we write, for each Kodaira type fiber and associated group, the 
coefficients needed to compute TZ, as in Proposition The general Kodaira 
type fiber over Si degenerates over both Pj at the intersection with Sq. As in 
Table |^ we write "NM" or "NSR" if the intersection type, as stated in Table |l| is 
not compatible with our hypothesis. We describe the degenerate singular fibers: 
if they are of Kodaira type we use Kodaira's notation. Note that these are not 
necessarily the Kodaira type of the general Weierstrass surface passing through the 
degenerate fiber; for example in the case oi G = Ej (III*), the degenerate fiber is 
again of type ///*, but the general Weierstrass surface has a //* singularity (see 
also Section |8!3| ). These distinctions are important in computing IZ as in Theorem 



37 



The fibers of non-Kodaira type are the branch points of an outer automorphism 
of the group; we denote these with "br." . 



Type 


G 






ei 


£2 




XtopiXp.^) 


h 


{e} 


2 





-1 


-1 


2 {II) 


NSR 


h 


SU(2) 


3 





-1 


-1 


3 (777) 


3(/3) 


h 


SU(3) 


8 





-1 


-1 


A {IV) 


Hh) 


hk, k>2 


Sp(A:) 


3A; 





k-2 


-1 


k + 2 (br.) 


2k + 1 {hk+i) 


hk+i, k > 1 


Sp(A:) 


3A; + 3 





k + 2 


-1 


k + 2 (br.) 


NSR 


In,n>4 


SU(n) 


3n 





n-2 


-1 


n + 2 {Dn) 


n+1 {In+\) 


II 


{e} 







-1 




NSR 




III 


SU(2) 







-1 




A {IV) 




IV 


Sp(l) 







-1 




3 (br.) 




IV 


SU(3) 







2 




6 (/o) 




T* 

-'o 









-1 




5 (br.) 




T* 

-'o 


Spin(7) 








-1 


-1 


5 (br.) 


7 (7*) 




S])m(8) 








-1 


-1 


7 {ID 


7 (/D 


I* 


Spin (9) 





2 


-1 


-1 


6 (br.) 


8 {IV*) 


n 


Spin(lO) 





2 


-1 


-1 




8 {IV*) 


T* 

-'2 


Spin(ll) 





3 


-1 


-1 


7 (br.) 


8 (/2) 




Spin(12) 





3 


-1 


-1 


9 (/|) 


8 {n) 




S0(2n + 7) 





NM 


-1 


NM 


n + b (br.) 


NM 


In,n>S 


S0(2n + 8) 





NM 


-1 


NM 




NM 


IV* 









-1 




6 (br.) 




IV* 


Eq 







-1 




9 (777*) 




iir 









-1 




9 (777*) 




ir 


Es 


NM 




NM 




NM 





Table 4. 
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Appendix II: The entries in the above Tables for G = SU(2/c), k >2 

AND l2k FIBER TYPE. 

We illustrate the pattern of computations needed to compile the Tables in Ap- 
pendix I with the specific example G = SU(2/c). 
The generalized Weierstrass equation has the form: 

2 H 2 k 2k 

y + aixy = x + a2sx + 045 x + a^s . 

62 = + 4a2S, 64 = 2a4s'^, = Aa^s'^'^, 

bs = [(fli^ + 4a2s)a6 - 04^]^^'', bs,2k = + 4a2s)a6 - 04^ 

/ = ^(62' - 24&4), g = ^{-b2' + 3662fe4 - 21666). 

E : s'^''{-{ai^ + 16a2^s^ + 8ai^a2s)[(ai^ + 4a2s)a6 - 04^] + 
- 8s''[8a4^ + 27 ■ 2a6^s'' - 90406(01^ + 4a2s)], 

So : — (ai + 16a2 s + Sai a2s)[(ai + 4a2s)a6 — 04 J + 

- 8s^[8a4^ + 27 ■ 2a6^s^ - da^aeiai^ + 4a2s)]}. 

At the points of intersections of Sq and Si, either ai = (P/) or 68^2fc = (-Pi)- 
(In the notation of Section ai = /5i.) 

Remark II. 1. ri = 4 and r2 = 1; there are Bi = —Kb ■ Si points of Pi type, and 
{—8Kb — 2A;Si) . Si = S2 points of P2 type. The second condition follows from 
the first one, as Si . Sg = 4i?i + Bi. 

ILL Computing ei: Let t =: ai,s be the local coordinates around a point P/. 
(In the notation of Section ||, ai = /?i.) 
Then 

So : 70^' + 7is' + 72t's + 73S^ 

where 7^ is invertible at s = t = 0. 
We can write 

So:7ot'' + 7is' = 

which defines an A2k-i curve singularity. Since the blowup of an A2k-i curve 
singularity yields an 742^-3 singularity, we have 

(#(/>-^(Pi); {tt^}) = (2;2,...2), (fc times); then ei = 2fc - 2. 
II.2. Computing 62- Since Sq is smooth around each point P2 



(#0-^(P2); K}) = (l;l);e2 = -1. 



39 



II. 3. Computing fi{f, g): From the equations we see that / and g have a common 
zero along Si when 62 = 0, and there —2Kb ■ Si such points. Now set 

q' = —f + q = — i—hohA) &r. 

18 72^ ' 12 

Then = /x(/,^0 [|T1 Section 1]. 

From the equation above we see that P G Si is a common zero of / and g if 
and only if ai = 0. As in [11. 1| we take t := ai, s as the local coordinates around P. 

I^if^g) = dimcC[[s,t]]/(/,5('), where 
g' ^24s''{'y,t + s'')}, 



for suitable invertible functions 7^ (around s = t = 0). Then ||Tj, Ex. 1.2.5] 

11. 4. Computing xtopi^Pi)- After i blowups the Weierstrass equation becomes: 
y"^ + aixy = + a2sx'^ + a4^xs^~^ + a^s"^^'^^ , and there are isolated singular points 
(nodes) on the fiber at Pi = 0. These points can be blown up with small resolutions: 
the fiber over the points Pi is of Kodaira type and Xtop(-^Pi) = 2A; + 2. 

11. 5. Computing XtopiXp2)- and Si intersect transversally at P2, and it is 
easy to see that the corresponding fiber Xp^ is of type /2fc+i and Xtop{Xp2) = 2k + l. 
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